which mix different components inΩ(x, θ,θ) linearly. Here
Explicit transformation laws of component fields can be found from (1.2) by matching appropriate powers of θ andθ. For many purposes, one defines two superspace covariant derivatives:
which anti-commutate with Q α andQα.
To be consistent with existing experiments, the linear SUSY must be broken and broken spontaneously if one wishes to retain its salient virtues. According to the general theory of spontaneously symmetry breaking, there must exist a massless Goldstone fermion (Goldstino) field associated with this breaking. The low energy physics related to Goldstino field could be relevant at the TeV scale 2 . To deal with these physics, it proves 1 To simplify presentation of the nonlinear theory, superfields and their components in the linear theory are hatted while their counterparts in the nonlinear theory are not. 2 Actually, the Goldstino becomes part of the massive gravitino when SUSY is spontaneously broken, as (super-)gravity is omnipresent. However, the lower energy physics will be dominated by the Goldstino, if the SUSY breaking scale is not particularly high.
to be expedient to work with their nonlinearly realized versions. It can be particularly useful if the system is strongly coupled, as exemplified by the low energy effective theory of hadronic physics [2] .
Starting with the work of [3] , such a low energy effective theory has been developed over the years. Most of the developments were summed in the framework of standard realization of nonlinear SUSY (see, for example, [1] ). In this framework, a Goldstino field λ is presumed to exist 3 which transforms as [3] ,
under SUSY transformations. Other fields are referred to as matter fields and they all are assumed to transform as,
To deal with chiral super-multiplets, it is convenient to define the chiral equivalents
with w = x − iκ 2 λ(w)σλ(w), such that the Goldstino and matter fields transform as,
In some sense, it is a subject of ancient history, as much activities happened before the 1990s. Renewed interests emerged recently. In [6] , a new approach has been proposed by using constrained superfields instead of a manifestly nonlinear realization. The Goldstino field is supposed to reside in a (constrained) chiral superfieldX NL . The standard superspace technique is retained to write out Lagrangians while superfields are constrained to include only light degrees of freedom. In [7] , it was proved that such a procedure can be reformulated in the language of standard realization of nonlinear SUSY.
Motivated by these developments, we revisit the nonlinear formulation of spontaneously broken N = 1 linear SUSY. In [8, 9, 10] , it has been shown that any spontaneously 3 The construction of the λ field out of fields in the linear theory had been discussed in [10] . For general O'Raifeataigh-like models, an explicit expression has been worked out in [5] . In this paper, this issue will not be addressed. 4 This is to be illustrated by discussions at the end of Section 3.1. Notice that the roles of (λ,ζ) and (λ, ζ) are reversed from those in [4, 5, 7] , to simplify presentations. Also, the symbol z is reserved for substitution rules presented in later sections.
broken linear SUSY theory can be reformulated into a nonlinear one by appropriately changing superspace variables. In this paper, this procedure will be adopted and converted to the notation of [1] . It will be shown that the constrained superfield formalism as proposed in [6] 2 Constructing nonlinear SUSY out of linear SUSY, a brief review
The general formalism in [8, 9, 10] will be adopted, but in the notation of [1] . This section provides a brief review of the strategy, which will be elaborated more in later sections. As shown in those papers, a set of nonlinearly realized fields can be obtained from a linear superfield via a SUSY transformation parameterized by ξ = −κλ(x) andξ = −κλ(x)
Under SUSY transformations,
ifΩ transforms according to (1.2) and λ according to (1.5) . Defining new component fields in Ω according to its Taylor expansion in terms of θ andθ
we obtain φ, ψ 1 , · · · , D as composites ofφ,ψ 1 , · · · ,D, λ, and their spacetime derivatives.
According to (2.2), they all transform into themselves and independent of one another under SUSY transformations. In particular, they satisfy the transformation law of (1.6).
Observe that
That is, the nonlinear Ω can be obtained from the linearΩ by replacing superspace arguments (x, θ,θ) in the latter via
Under this set of replacements, covariant derivatives ∂ µ , D α ,Dα are changed to
, and
This observation provides a simple procedure to convert any linear SUSY actions into their corresponding nonlinear ones. For a generic action in the linear theory
and the measure of integration becomes
where det T det M is the Jacobian. Explicit expressions of det T and det M in terms of λ are listed in Appendix A. The end result is then
This completes the reformulation.
3 Nonlinear reformulation of chiral superfields
Fields
To deal with chiral/anti-chiral superfields, it is convenient to define the variable y =
x + iθσθ for chiral superfields and its complex conjugate y † = x − iθσθ for anti-chiral superfields. Covariant derivatives are then
in terms of (y, θ,θ) and
One is then led to define two sets of new substitution rules [8, 9, 10] ,
Linear chiral superfields are constrained by the conditionDαΦ = 0, which can be solved
can be obtained fromΦ by replacing (x, θ,θ) with (z, θ ′ ,θ ′ ) in the latter, [8, 9, 10] Φ(x, θ,θ) = e
has from an anti-chiral superfieldΦ
expansions of Φ(x, θ,θ) and Φ † (x, θ,θ) in terms of θ andθ are listed in Appendix B.
In [6] , a chiral superfieldX NL (y) =φ X + √ 2θψ X + θ 2F X with the constraintX 2 NL = 0 was proposed to describe the Goldstino field. In this case, one can identifyλ witĥ ψ X / √ 2κF X , while its nonlinear version is ϕ X (x, θ) = θ 2 F X [5, 7] . Clearly, ϕ X (x, θ) is a projection operator, which eliminates positive powers of θ in any nonlinear superfields via multiplication. This observation provides a new and simpler route to reinterpret constraints in [6] in the language of standard realization of nonlinear SUSY, as we shall see immediately and in Section 4.
To eliminate heavy components but to keep the light fermion component inQ NL (y) =
h , and a real boson component inÂ NL (y) =φ a + √ 2θψ a + θ 2F a , [6] suggested to use constraints, X NLQNL = 0,X NLHNL = chiral, andX NL (Â −Ā NL ) = 0, respectively. Promoting these linear constraint equations into their nonlinear versions, one findŝ
respectively, since ϕ X (x, θ) is proportional to θ 2 . From (3.1.8), one easily gets φ q = ψ h = F h = ψ a = F a = 0, and φ a = φ † a , respectively. In other words,
as one would have hoped. These results can also be obtained by working directly with the component fields ofQ NL ,Ĥ NL , orÂ NL . However, such calculation could be formidable without a proper use of the chiral version Goldstino fieldλ. Even with the help ofλ, some of these calculations are still tedious and laborious.
Actions
Actions up to two spacetime derivatives for chiral superfields can generically be expressed as the sum of a Kahler potential term S K and a superpotential term S W
For example, the most general renormalizable action for chiral superfields has the form
Here and hereafter, repeated indices i, j are always summed over unless indicated otherwise. The nonlinear version of the superpotential term S W can be obtained by substitut-
The measures are then
of Jacobians
respectively. The end result is
Grassmann integrations in S NL W can be easily worked out by noting that
The Kahler potential term can be dealt with in the same manner of S gen
But this form is complicated and will be systematically treated in Appendix C. Significant simplification can be achieved by noticing that
up to surface terms which do not affect perturbation theories. The symmetric form is to ensure S K to be Hermitian. Note that
if (x, θ,θ) are replaced by (z + , θ ′ ,θ ′ ), and
if (x, θ,θ) are replaced by (z − , θ ′ ,θ ′ ). Thus, S K can be treated in the same manner as S W and one has
For the canonical Kahler potentialΦ †Φ , we have
with φ † µ given in (B.3). As in the case of linear SUSY, the F field is quadratic in S NL ch so it can be integrated out via its equation of motion. For the particular Kahler potential here, one actually has the same form of that in the linear theory,
4 Nonlinear reformulation of vector superfields
Fields
Vector superfields are usually associated with the SUSY generalization of gauge transformation. They are constrained by the condition
The nonlinear version V can be obtained fromV by substitution rules in (2.5). Due to gauge symmetries, eitherV or V can always be put into the so-called Wess-Zumino gauge, but not simultaneously. In this paper, V will be chosen in the Wess-Zumino gauge to simplify the presentation of nonlinear theory, in the same manner as [10] . In [7] , this was proven to be equivalent to the constraintX NLV = 0 as proposed in [6] , by working directly with component fields ofV . However, this equivalence can be more easily proved by promoting the constraint equation into its nonlinear version and making use of the fact X NL ∼ θ 2 again. Specifically,X
so the coefficient functions of 1,θ, andθ 2 all vanish. Since V is a real superfield, the coefficient functions of θ and θ 2 also vanish. This yields nothing but the nonlinear WessZumino gauge condition on V . For later convenience, we will choose
where v µ and D are real fields. The unconventional choices of χ and D are to ensure that they have simple transformation properties in the residual gauge symmetry within the Wess-Zumino gauge, as to be seen below.
For simplicity, we start with Abelian gauge theories 5 . The linear supersymmetric field strength is thenŴ α = −
4D
2 D αV . SinceŴ α is a chiral superfield, it can be most conveniently evaluated in the form of
hereÛ is related toV viaÛ
from which one has U = exp(−iθσ µθ △ µ )V . In components,
In [10] , the combination D + κλ µ σ µχ − κχσ µλ µ was identified as the D field, which turns out to be complex and inconvenient.
The nonlinear supersymmetric field strength is then
where
Notice that W α is invariant under the following residual gauge transformation [10] :
One sees that both χ and D are invariant under this transformation, which supports the rational for choosing the particular form of V .
In formulations starting with nonlinear fields directly (see, for example, [11, 12, 13, 7] ), one usually uses the canonical gauge field v They are related to each other simply via
The canonical field strength is defined as
such that F µν = F C µν . They transform co-variantly under gauge transformations and as matter fields under non-linear SUSY transformations.
For non-Abelian gauge fields, the nonlinear supersymmetric field strength is 
where T a is the adjoint representation matrix of the gauge group. W α is covariant under the following residual gauge transformation:
Note that the gauge group can be arbitrary and need not to be simple.
Actions
We start with the Abelian gauge group and extensions to arbitrary gauge groups are straightforward. The kinetic energy for an Abelian gauge field up to two spacetime derivatives is given by
which can be treated in the same ways as S W by replacing (x, θ,θ) with (z ± , θ ′ ,θ ′ ) to get
Integrating out the Grassmann variables, terms inside the parentheses become
where the ̟̟ indexed fields are from
For the canonical case H (Φ) = 1, one gets
Non-Abelian actions can be obtained from these by modifications as given in (4.1.19).
For Abelian gauge theories, there could be the so-called Fayet-Iliopoulos terms 6 ,
Converted into nonlinear realization by replacing (x, θ,θ) with (z, θ ′ ,θ ′ ), one has
The last term in the parentheses seems to be non-covariant with respect to the residual gauge symmetry (4.1.12). It turns out that its infinitesimal gauge transformation times det T is a total derivative [10] .
The coupling between a chiral superfield and an Abelian gauge superfield is given by
which can be dealt with in the same manner as S K . That is, to substitute (x, θ,θ) by
The former can be evaluated by the general procedure given in Appendix C. The latter is simpler to use and one has
Explicitly, one has S V,NL K as the real part of
6 There are strong arguments against the presence of Fayet-Iliopoulos terms, in the context of supergravity [14, 15] . But they are included here for the sake of completeness.
Here the gauge covariant derivatives are
. If Φ is in the representation t a of a non-Abelian gauge group, one needs to make replacements:
Just 
Both assume the same forms as those of linear theories and F is determined by (3.2.12).
Conclusions
We have in this paper revisited the nonlinear realization of spontaneously broken N = 1 supersymmetry. We have shown that the constrained superfield formalism as proposed in matching and renormalization group running will be used, which can only be carried when perturbation theory is applicable. For strongly coupled systems, non-perturbative procedures need then to be developed. Either way, heavy fields are effectively substituted by a set of high order operators constructed out of light fields.
Here one can make a connection between effective theories thus obtained with those constructed directly out of light fields. In the latter cases, heavy fields are automatically set to zero, with their effects represented by all possible high order operators permitted by the nonlinear SUSY and other symmetries of the theory of arbitrary coefficients.
Starting with a fundamental theory and reformulated into the nonlinear version, all these coefficients can be determined, at least in principle, by integrating out heavy fields systematically.
